The ground state of a pair of ultrastrongly coupled bosonic modes is predicted to be a two-mode squeezed vacuum. However, the corresponding quantum correlations are currently unobservable in condensed matter where such a coupling can be reached, since it cannot be extracted from these systems. Here, we show that superconducting circuits can be used to perform an analog simulation of a system of two bosonic modes in regimes ranging from strong to ultrastrong coupling. More importantly, our quantum simulation setup enables us to detect output excitations that are related to the ground-state properties of the bosonic modes. We compute the emission spectra of this physical system and show that the produced state presents single-and two-mode squeezing simultaneously.
I. INTRODUCTION
Theoretically predicted more than a decade ago for two-dimensional electron gases [1] , and later for superconducting circuits [2] , ultrastrong coupling is a fascinating regime of light-matter interaction. In strong coupling, quantum systems are coupled at a higher rate than any dissipation process, while in ultrastrong coupling they are coupled at a rate that is non-negligible even compared to the dynamics of each system taken separately. As a consequence, the rotating-wave approximation cannot be performed and all the terms of the coupling Hamiltonian should be, a priori, considered. These terms play an important role in the properties of the system [1, 3] , and the number of excitations is not conserved throughout the dynamics. Hence, the ground state is deeply modified. In recent years, this regime has been experimentally achieved in various physical systems: first, in cavityembedded semiconductor quantum wells [4] [5] [6] , where the ultrastrong coupling was originally predicted, as well as in superconducting circuits [7] [8] [9] [10] [11] , and in cavities confining molecules [12] [13] [14] .
Quantum simulation of ultrastrong coupling, or even deep strong coupling [15] , has recently received growing interest as the only way to probe dynamics or exotic features that are currently out of reach in genuine physical systems. In analog quantum simulators, the implementation relies on properly driven strongly interacting systems that effectively behave as ultrastrongly coupled modes and exhibit the corresponding characteristic features. Previous theoretical works have focused on * Electronic address: serguei.fedortchenko@univ-paris-diderot.fr simulating the interaction between a qubit and a cavity mode, namely, the quantum Rabi model, in several physical systems, with, for instance, proposals in light transport in photonic superlattices [16] , in superconducting circuits [17] [18] [19] , in cavity quantum electrodynamics [20] , in trapped ions [21] , and in ultracold atoms where the first and second Bloch bands in the first Brillouin zone encode the qubit [22] . On the experimental side, quantum simulations of the Rabi model in the ultrastrong and deep strong coupling regimes have been reported in photonic superlattices [23] , and in superconducting circuits [24, 25] . Surprisingly, the important case of a quantum simulation of ultrastrongly coupled bosonic modes is still missing. Remarkably, the ultrastrong interaction between two bosonic modes has the particularity of producing a twomode squeezed vacuum in the ground state [1, 3] . However, this squeezed state cannot lead to actual excitations coming out of the system and, thus, cannot be directly observed. In the case of spin-boson ultrastrong coupling, methods to probe the ground-state properties of the system were proposed in Refs. [26] [27] [28] . Nonetheless, in the case of two ultrastrongly coupled bosonic modes, the only studied solution to the problem is to modulate the coupling between the two modes in time [29, 30] . However, measuring the corresponding correlations between the two output channels of both bosonic modes seems currently out of reach for physical implementations of light-matter coupling [4] [5] [6] since matter excitations (for instance the electron gas of quantum wells) decay through a nonradiative channel. Because of these serious experimental issues, a quantum simulation of ultrastrongly coupled bosonic modes is timely.
In this paper, we propose a way to realize it using the three-wave mixing process of a superconducting device.
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The Josephson mixer is made of a ring of four Josephson junctions that couples two microwave resonators [31, 32] . It has been demonstrated to act as a microwave amplifier near the quantum limit [33, 34] , to generate twomode squeezed vaccum shared between two traveling or stationary microwave modes [35, 36] , to realize coherent frequency conversion [37] and to act as a circulator or directional amplifier [38] . The versatility of the Josephson mixer and the ease of measuring its two output channels make it an ideal platform to perform quantum simulations. Of particular relevance to our goal, it enables us to fully characterize the squeezing of its two output transmission lines. We propose here to drive this device in such a way that, in a particular rotating frame, its effective Hamiltonian is formally equivalent to the boson-boson ultrastrong coupling Hamiltonian. The peculiar properties of the simulated ground state lead to squeezing of the physically observable output modes in the laboratory frame. We predict the emission of an unusual two-mode output state, where both modes exhibit single-mode squeezing and, additionally, have quantum correlations between them.
The paper is organized as follows. First, we briefly characterize the squeezing properties of two ultrastrongly coupled bosonic modes in the ground state. In particular, we show that this ground state differs from a two-mode squeezed vacuum. Next, we make our model explicit, showing how driving the Josephson mixer leads to an effective Hamiltonian that simulates ultrastrong coupling. Then we predict the squeezing in the emission spectrum of the system, with realistic parameters. Finally, we discuss the physical meaning of the emitted squeezing, in particular, by interpreting the results in terms of two equivalent models, each one having a different environment.
II. GROUND STATE SQUEEZING
Let us start by studying the squeezing of a pair of ultrastrongly coupled bosonic modes in their ground state. For this we introduce the light-matter Hamiltonian we want to simulate,
whereâ (b) and ω α (ω β ) are the annihilation operator and the frequency of the light (matter) mode, andh = 1. The two modes are coupled at a rate G. We consider here the Hamiltonian (1) in its most elementary form. For instance, we do not include extra terms such as a squared electromagnetic vector potential, as is the case in semiconductors described in the Coulomb gauge [1, 3] . Indeed, while the versatility of superconducting circuits would allow us to simulate extra terms, we choose to restrict the simulation to the simplest form of ultrastrong coupling in the present paper [39] . In order to identify the ground state of the Hamiltonian (1), we first apply the Hopfield method [40] 
the two eigenmodes of the system, which are called polaritons in case of a genuine light-matter interaction. The annihilation operatorsp 1 andp 2 of the two eigenmodes are expressed [1, 3] as linear combinations ofâ,b,â † and b † ; this is a Gaussian operation. Their expressions as well as their eigenvalues determine the validity of this model (see Appendix A). We then expressâ andb as a function of the eigenmode operatorsp 1 andp 2 . The ground state |GS being defined asp 1 |GS =p 2 |GS = 0, we can fully characterize the squeezing of the original modes a and b in the ground state |GS by computing the covariance ma-
In Fig. 1 , we show the single-mode squeezing, the twomode squeezing, and the EPR variance (a measure of entanglement) in the ground state of a pair of ultrastrongly coupled bosonic modes, as a function of the coupling constant G. Specifically, we show the squeezing in dB using the following logarithmic scale S X θ = 10 log 10 ( ∆X 
One can note that the ground state shows a significant amount of squeezing in the single-mode picture, as well as in the two-mode picture, enough to be detected by a Gaussian entanglement witness: the EPR variance goes below 1 [43, 44] . Note that since here the two modes are at resonance, only ∆X 2 a is shown, because ∆X 2 b has exactly the same amount of squeezing. We thus verified that there is two-mode squeezing in the ground state, and additionally found single-mode squeezing as well. Note that it is possible to intuitively predict squeezing in the Hamiltonian (1), by rewriting it in terms of particular collective operators (see Appendix B). [32] . A ring of four Josephson junctions is shorted by inductors and couples two λ/2 microwave resonators of frequency ωa and ω b . Capacitors couple the resonators to transmission lines leading to decay rates γa + γL and γ b + γL, where γL corresponds to internal losses of the resonators. This circuit implements three-wave mixing between the nondegenerate modes a and b and a mode c that can be addressed using a signal driven with the same phase on each port of the resonator a. One may use a 180
• hybrid coupler (box on the left) to selectively couple a and c modes to two separate transmission lines. Circulators ensure that the input modes ain and bin are prepared in the vacuum state by thermalizing a 50 Ω load at T hω a,b /kB. When mode c is driven off resonance by two tones at frequency ωB = ωa + ω b + 2δ and ωR = ωa − ω b , it reproduces the physics of two ultrastrongly coupled bosonic modes of frequency δ. Signatures of the ultrastrong coupling can be observed in the squeezing properties of the noise in ports aout and bout.
III. MODELING THE QUANTUM SIMULATION
In this section we present the model of our quantum simulation, which could be used as a tool to measure the squeezing of the output field extracted from the system in its ground state. As mentioned in previous sections, our model is based on the Josephson mixer (Fig. 2) [32] , where the interaction Hamiltonian of the three-wave mixing process reads,
whereĉ,â, andb are the annihilation operators of the spatially separated pump, a and b microwave modes, respectively. This purely three-wave mixing Hamiltonian is close to what the circuit in Fig. 2 can realize for a well chosen value of the magnetic flux threading the inner loops of the Josephson ring. For more details on how to obtain the system interaction Hamiltonian (2) from the general Hamiltonian describing the Josephson mixer, as well as on the measurement process of the outputs of modes a and b, we refer the reader to Ref. [45] .
To generate an effective Hamiltonian that is formally equivalent to Eq. (1), we drive the system with a twotone radiation. A blue pump drives mode c with an amplitude c B at frequency ω B = ω a + ω b + 2δ, while a red pump drives the same mode c with an amplitude c R at ω R = ω a − ω b . Here ω a and ω b are the frequencies of modes a and b, and 2δ is a small detuning compared to them. Mode c being driven off resonance, we use the stiff pump approximation and describe its amplitude as a complex number instead of an operator. The interaction Hamiltonian now has two three-wave mixing terms, which result in the following effective Hamiltonian in the rotating frame where mode a rotates at ω a + δ and mode b at ω b + δ (see Appendix C),
where G B,R = χc B,R is time-independent and results from the physical time-dependent coupling ratẽ G B,R (t) = G B,R e −iω B,R t . The derivation above is valid only for low three-wave mixing rates |G B,R | ω a , ω b , |ω a − ω b |. In the case when G R = 0, the Hamiltonian describes parametric amplification, which results in two-mode squeezing, while when G B = 0, it describes a beam splitter between modes a and b. Now if G B = G R = G, Eq. (3) has exactly the same form as Eq. (1) if ω α = ω β . Here, δ plays the role of the bosonic mode free oscillation frequency. It is now clear that when the coupling G becomes comparable to δ, the doubly pumped Josephson mixer simulates ultrastrongly coupled modes, even if the genuine coupling is much smaller than the genuine free oscillation frequencies of the physical system. It is worthwhile to note that although the simulated coupling rates G B,R are time-independent, as in the case of genuine ultrastrong coupling in semiconductors [4] [5] [6] , the actual coupling rate oscillates in the laboratory frame of the output ports of modes a and b. Note that a method to obtain a genuine ultrastrong coupling between two bosonic modes in superconducting circuits was proposed in Ref. [46] . There the coupling is mediated not by a third oscillator but by a SQUID, and while the physical coupling could in principle reach the ultrastrong regime, its predicted coupling-to-frequency ratio does not reach the highest values of the coupling-to-effective frequency ratio leading to the interesting squeezing properties that we study here and that are realistically achievable in our quantum simulation.
IV. RESULTS: EMISSION SPECTRA OF THE SYSTEM
We now show the expected results of the quantum simulation, by determining the radiation emitted by the device in the regime where the latter can be described by the effective Hamiltonian (3). Each mode a or b is connected to a transmission line at a rate γ a,b and is subject to internal losses at a rate γ L . In the inputoutput formalism [3, [47] [48] [49] , we are interested in the state of the output modes whose operators areâ out and b out . They are related to the input mode operators by the input-output relationsâ out =â in + √ γ aâ and
From the known input state, one gets the output state from the above expressions and from the quantum Langevin equations for the intracavity operatorṡ
wheref a andf b are noise operators modeling the internal losses of the system. It is straightforward to solve these equations in the frequency domain to obtain the expressions ofâ out [ω] andb out [ω], from which we obtain the covariance matrix V that fully characterizes the Gaussian output state. The noise properties are directly given by the elements of V. In Figs. 3(a) -(f) we show the output noise spectra of single-mode quadraturesX a andŶ a , of two-mode quadraturesX a −X b andŶ a +Ŷ b , and the EPR variance [43, 44] , as a function of frequency. In the rotating frame, a signal at frequency ω corresponds to ω a + δ + ω for mode a, and to ω b +δ +ω for mode b in the laboratory frame. We do not show the noise spectra ofX b andŶ b since they are the same as forX a andŶ a , both modes having the same effective frequency δ, and the dissipation rates γ a and γ b being assumed identical. As expected the output radiation is more squeezed for stronger coupling G = G B = G R . Furthermore, the squeezing becomes visible in the figures when ultrastrong coupling is reached for G > ∼ 0.1δ. The behavior of the system in the physical implementation picture is illustrated in Fig. 3(g) . When modes a and b are in the vacuum state at the input, the output of the system is in an unusual twomode state, where each mode is squeezed, while the two modes are quantum correlated, similarly to the ground state of the Hamiltonian (1), shown in Fig. 1 . Interestingly, the squeezing we predict here occurs between two propagating modes that are separated both in space and frequency.
Let us now comment on the shape of the spectra. In the rotating frame, we show the positive and negative parts of the frequency spectrum, which correspond to measurable noise powers at positive frequencies in the laboratory frame. In Figs. 3(a)-(c) , we can see that for the smallest shown coupling G = 0.01δ, the spectra develop a resonance at ω = ±δ, symmetrically for positive and negative frequencies. This resonance occurs at the transition frequency δ of the effectively degenerate modes a and b in the rotating frame (see Eq. (3) ). As G increases, the resonance splits into two, leading to four dips in the EPR variance Figs. 3(c) . This can be understood as the vacuum Rabi splitting of both effective modes, as already observed in a physically ultrastrongly coupled light-matter system [4] .
As the splitting increases with G, one of the two resonance frequencies resulting from the Rabi splitting shifts towards ω = 0. In Figs 3(a) -(c), this can be seen as two dips getting closer to the origin, corresponding to the resonance frequency and its image on the negative part of the spectrum. When G ≈ 0.5δ, the dips merge at the origin and the resonance occurs at ω = 0. This is shown in Figs. 3(d)-(f) , where there are no longer four dips but only three, and the one at the origin shows the largest amount of two-mode squeezing. Thereby, the EPR variance almost reaches the lower bound of 0.5, which corresponds to an optimal case whereŶ a +Ŷ b is infinitely squeezed, whileX a −X b is shot noise limited only. Besides, the single mode squeezing in the quadraturesŶ a andŶ b reaches almost −3 dB. This is in fact the maximal expected single-mode squeezing one can hope for. We note that if the two outputs were combined in a 50:50 beam splitter (with frequency conversion on one arm), one of the output modes would be in an infinitely squeezed state while the other would be in the vacuum state [50] ; the reverse has been demonstrated in [51] . This can be done using an extra Josephson mixer as in Ref. [35] but in frequency conversion mode.
The squeezing amplitudes in Fig. 3(d) -(e) are limited by the realistic internal losses and coupling rates to the transmission lines we use in the model. Their minimal value is set by the need to stay in the regime where the three wave mixing Hamiltonian (2) is valid [45] . The figures stop at G ≈ 0.5δ since beyond that point, the Hamiltonian (3) has no stable solution and extra terms should be included to make the Hamiltonian physically sound again (see Appendix A). For instance, in case of the Dicke model modeling a spin ensemble coupled to a bosonic mode, this value for the coupling is a critical point of a quantum phase transition [52] [53] [54] . In the proposed simulation using a Josephson mixer, these extra terms arise from a Taylor expansion of the Josephson Hamiltonian beyond second order.
It is worthwhile to wonder how realistic are the parameters we chose in Fig. 3 . The phenomena we propose to observe require that γ L γ a,b < δ and that 2G B,R < ∼ δ. It is shown in Ref. [45] that
where ξ < 1 is the participation ratio of the Josephson junction in the resonator [45] and Q is the quality factor of the resonator. Therefore, in order to reach 2G B,R ≈ δ, one needs
The condition that √ ξ a ξ b Q a Q b > 4 sets constraints on the device similar to the ones needed to realize a quantum limited amplifier using the Josephson mixer [32, 55] and is perfectly realistic. The parameters we chose in Fig. 3 are thus within reach in standard devices.
V. DISCUSSION
So far, we have focused on the observable squeezing contained in the output modes of the physical system that simulates the ultrastrong coupling Hamiltonian (3) . In this section, we interpret the nature of the output modes in the simulated picture. We summarize the key components of the physical system in Fig. 4(a) . The coupling between modes a and b is modulated in time and each mode is coupled to a zero temperature bath at a rate γ a,b [ω] with vanishing contribution from negative frequencies [3] . In contrast, in the simulated picture, the modes are coupled at a fixed rate G but interact with an unusual environment, whose coupling ratesγ a,b [ω] are nonzero at negative frequencies (Fig. 4(b) ). This results from a shift of the zero frequency in the rotating frame of the simulation. The vacuum squeezing of the ultrastrongly coupled modes in their ground state can be understood as resulting from the excitations corresponding to the nonzeroγ a,b [ω] for ω < 0.
In order to release solely the ground-state photons, in genuine ultrastrongly coupled systems, one should abruptly switch off the interaction [1, 56] [Fig. 4(c) ]. In this way, the energy contained in the virtual excitations of the ground state is released from the cavity until the system reaches its new ground state, that of a noninteracting system. In our simulation, we can avoid turning off the interaction and still observe squeezing in the output, owing to the peculiarity of the environment [ Fig. 4(b) ].
VI. CONCLUSION
In conclusion, we propose a superconducting circuit experiment to simulate ultrastrongly coupled bosonic modes. This work contributes to clarify their elusive ground-state properties. Using the high level of control of superconducting circuits enables us to access both modes directly, a feat that is not possible with current lightmatter systems. Our proposal will determine the smooth transition from strong to ultrastrong coupling regimes by measuring the squeezing properties of the output modes. Beyond the fundamental interest in observing this transition, the unusual squeezing properties of the proposed device can be used as a resource for bath engineering [57, 58] and nonclassical state generation [59] [60] [61] in complex resonator networks. Let us show an intuitive picture in which the ground state squeezing is naturally predicted in a system described by the Hamiltonian (1). We rewrite this Hamiltonian in terms of the following two collective modeŝ m = (â+b)/ √ 2 andn = (â−b)/ √ 2, that are well defined bosonic modes,
where we considered the case ω α = ω β = ω, a condition used in Fig. 1 . One can clearly see from Eq. (B1) that modesm andn are independent and both ruled by a squeezing Hamiltonian. Hence their ground state is expected to be largely squeezed in the ultrastrong coupling regime. Note that the single-mode squeezing ofm (resp. n) implies a two-mode squeezing in the originalâ,b basis alongX a −X b (resp.Ŷ a +Ŷ b ) as shown in Fig. 1 . However, while this alternative description in terms of modes m and n clearly shows the correlations between modes a and b, it is less obvious to predict their singlemode squeezing, which can be definitely verified with the covariance matrix.
